Dirichlet Laplacian on curved tubes of a constant cross section in two and three dimensions is investigated.
and the experimental framework has widened considerably. At the same time this progress has brought interesting mathematical problems but this fact escaped the general attention. The present paper is devoted to some of them.
The most spectacular manifestation of the mentioned achievements concern fabrication techniques of microscopic structures of a pure semiconductor material { see, e.g., Sa] and the papers quoted below. Let us recall some of them:
(i) thin lms produced on an insulating surface by one of the epitaxial techniques; their thickness can be as small as 2 nm which means that the transversal cross section of such a layer contains several atoms only, (ii) sandwiches obtained by combining lms of di erent semiconductor materials; a typical example is the combination of GaAs and AlGaAs, (iii) heterostructures, i.e., sandwiches with a variating layer thickness { see, e.g., DB], (iv) "quantum wires" obtained from semiconductor lms by suitable masking and ion bombardment { see TDP]; in this way one can create on the substrate various graphs, (v) similarly one can produce many{probe junctions like the structures investigated in TBV, Ba] etc. One often uses the term mesoscopic physics for experiments with such structures and other similarly small objects (like, for instance, metallic graphs prepared by ion lithography). The goal is to stress that the systems involved are large enough to be shaped by the experimentalist and at the same time so small that quantum e ects like interference are manifested on them. Among the experimental achievements made in this eld, recall the manifestation of Aharonov{Bohm e ect in heterostructures DMB] and metallic rings BLD, UHL, WWU]; some other experiments will be mentioned later. Recall also that the quantum interference in microstructures controlled by an external eld is of a considerable interest: there are several proposals of interference transistors DB, E S3, SMRH] which surpass by their size, speed and switching voltage the commonly used MOSFETs.
Let us summarize characteristic properties of the mentioned semiconductor microstructures: they are (a) small size, typically from tens to hundreds of nm , (b) high purity; the electron mean free path can be a few m or even larger, (c) crystallic structure, (d) the wavefunctions are usually suppressed at the boundaries between di erent semiconductor materials { see, e.g., HH]. Behaviour of an electron in such a structure is, of course, governed by the many{body Schr odinger equation describing its interaction with the lattice atoms including possible impurities. The mentioned properties allow us, however, to adopt several fundamentally simplifying assumptions.
It is obvious from (a) and (b) that using a su ciently pure material one can achieve that the mean free path is two or three orders of magnitude greater than the size of the structure; hence the electron motion can be assumed in a reasonable approximation as undisturbed by the scattering on impurities. Experimentalists are used to speak about a ballistic regime, and they are able to prove it, for example, by measuring interference e ects which are excluded under other circumstances.
The property (c) allows us to make the most important simpli cation. It is well known that a particle in a crystallic lattice moves as free with some e ective mass m ; from the mathematical point of view it follows from spectral properties of Schr odinger operators with periodic potentials { see RS], Sec.XIII.16. The e ective mass changes, of course, along the spectrum but one can regard it as a constant when we restrict our attention to the physically interesting part of the valence band. Recall that its value may di er substantially from the true electron mass, for instance, one has m = 0:067 m e for GaAs.
In combination with (d) we see that the electron motion inside the microstructure can be modelled by a free (spinless) particle living in the corresponding spatial region with the Dirichlet condition on its boundary; an interaction term must be added only if the whole structure is placed into an external eld.
Investigation of quantum motion in a xed subset of the con guration space represented until recently rather a textbook illustration, and nearly nothing was known concerning complicated regions like curved or branched tubes, layers or sandwiches. The new developments in semiconductor physics discussed above o er a strong motivation for studying of such systems; in view of the natural analogy and also for the sake of brevity we shall refer to them as to quantum waveguides.
Introducing such a notion, one is naturally compelled to ask about the relations to the classical theory of acoustic and electromagnetic waveguides (the literature devoted to these problems is rather extensive; let us name CJ, Go, KLR, KRS, KRT], Marc, Me] as a few examples related in a way to the subject of the present paper). The basic equations in the two cases, i.e., the Schr odinger and wave equation are, of course, di erent but as far as one is concerned with the stationary problems only, both of them reduce to the Helmholz equation in the appropriate spatial region. The di erence is then in the physical meaning of the spectral parameter, and possibly also in the boundary conditions which are Neumann for the acoustic and EM{mode of the electromagnetic waveguides (in the quantum case, one can encounter the Neuman conditions when considering ballistic motion of electrons in metallic microstructures).
This means that some results of the classical theory can be easily adapted to the quantum case. On the other hand, quantum mechanics and the classical theory of waves use rather di erent mathematical methods so a mutual inspiration could be useful on both sides. For instance, the results discussed below can be used to establish existence of trapping modes in bent electromagnetic waveguides with perfectly conducting walls which was not suspected in the classical theory E S2].
Subject of the paper and survey of results
Let us specify rst the scope of the paper. The quantum waveguide theory, though it exists up to now in a very rudimentary form only, o ers a lot of interesting problems. In this paper, we are going to concentrate to those related to the curvature{induced discrete spectrum of the corresponding Hamiltonian in bent tubes.
As we have mentioned, the existence of square{integrable solutions to the wave equation remain unnoticed in the classical theory of waveguides. In quantum mechanics, several authors dC1, dC2, dC3, Pi, JK, KJ, Ma] presented independently formal considerations (aimed mostly at the quantization problem for motion on curves and surfaces) which contained implicitly the existence of bound states. One can nd also other indications for existence of the e ect, for example, the numerical solution to Schr odinger equation on the oval{shaped ring SRS] which demonstrates that the wavefunction is localized to the regions of maximum curvature.
The e ect was clearly recognized for the rst time in the paper E S1] where the Birman{Schwinger technique in combination with the minimax principle was used to demonstrate that the Dirichlet Laplacian on a smooth curved planar strip which is thin enough and whose curvature decays suciently rapidly has at least one isolated eigenvalue below the bottom of the essential spectrum. The analogous result was proved in E2] for curved tubes in IR 3 ; the decay assumption has been later substantially weakened E3], and some lower bounds to the bound{state energies were derived AE].
Another considerable progress was achieved in GJ] (see also DJ]) where a suitably chosen trial function was used to demonstrate that any bending pushes the threshold of the spectrum below the lowest transverse{mode energy; this implies the existence of bound states in curved tubes of any thickness provided the curvature is zero outside a bounded region, or at least vanishes asymptotically.
Though all these results apply to smooth tubes of a constant cross section, analogous results are valid also in similar geometries. An example was given in E S S1] showing that bound states can exist in a sharply broken L{shaped strip; the computed bound{state energy has been veri ed experimentally in a at electromagnetic waveguide in CLM1] (an early mathematical treatment of this e ect can be found in He]). Other examples of this type are given, e.g., in ABGM, CLM2, SRW]. As for physical consequences of curvature{ induced bound states, in addition to the trapping modes already mentioned, e.g., the existence of edge{con ned currents in thin semiconductor lms was conjectured E S S2] and a model of resonance scattering in nite{length quantum wires was analyzed E1].
The present paper is devoted to a review and a further development of ideas formulated in the above mentioned papers. In the next two sections we discuss bent tubes in IR 2 and IR 3 , respectively. Following the idea of GJ], we prove the existence of bound states in a curved tube under not very strong assumptions about the regularity of the boundary and the decay of the curvature. Using a trick known from Schr odinger operator theory Kl, New, Se] we are able to derive here also an upper bound to the number of bound states in su ciently thin tubes in terms of the tube curvature.
In the three{dimensional case one has to know also the torsion of the generating curve to characterize the tube. For simplicity, we consider mostly cylindrical tubes but we specify also a more general class to which the results extend easily. Apart from this, the torsion is much less important for the existence of bound states; all we need it that it satis es some weak regularity assumptions.
It is certainly not easy to compute the bound{state energies directly, and therefore perturbation theory is of natural interest. In Sections 4 and 5 we treat the eigenvalues in bent tubes perturbatively with respect to two di erent parameters. First we study mildly curved tubes replacing the curvature by := ( ) . The parameter is proportional to the tube bending angle. If it is small enough, the corresponding Dirichlet Laplacian has just one simple eigenvalue; we compute the gap between it and the threshold of the continuous spectrum in terms of .
Another natural perturbative parameter is the tube radius a . In Section 5 we compare the tube Hamiltonian H to a simple operator in which the transverse and longitudinal variables are decoupled, and the discrete spectrum is given explicitly in terms of the discrete spectra of the \component" operators. We nd that for thin enough tubes there is a bijective correspondence between this spectrum and the discrete spectrum of H , and show that an asymptotic expansion in terms of a exists up to any prescribed order; the perturbation series for the eigenvalues is computed. We also show that the mode{coupling terms in the Hamiltonian begin to contribute at the fourth order in a only, and discuss an alternative in which H is compared to a suitable operator family.
We recall that L 1 " (IR) is the set of L 1 functions with the property that to any " > 0 there is a compact K " such that kf j n K " k 1 < " . Since the functions involved are bounded, (d2) strengthens (d1). The latter requires lim jsj!1 (s) = 0 , while (d2) corresponds for a purely powerlike asymptotics of to an O(jsj ?1?" ) decay; an easy integration shows that the borderline refers in the last case to a logarithmic{spiral asymptotics of ? .
Existence of bound states
The most general existence result is a consequence of the following theorem the basic idea of which belongs to Goldstone and Ja e GJ]. where the second term on the right side does not depend on because the scaling acts out of the support of the localization function j . For all su ciently small negative " the sum of the last two terms is negative, and we can choose so that q + " ] < 0 .
Theorem. Assume (r1){(r3
This result implies that the discrete spectrum of ? D is non{empty provided the bending does not push the essential{spectrum threshold down; this happens typically if the curvature decays to zero at in nity. In particular, we have the following result. and the known bound Kl, New, Se] yields the result.
Corollary. Let a curved strip satisfy the assumptions (r1){(r3
In particular, we get a su cient condition under which a thin strip has just one bound state; roughly speaking, this happens if has one simple bend, i.e., is sign{preserving and has one well distinguished peak { cf. E2]. In Chapter 4 below we shall see that the same is true for any which satis es the assumptions of Corollary 2.2(b) provided it is only slightly bent.
A tube in IR 3
Now we apply the same ideas to a three{dimensional quantum waveguide. 
Notice that the lhs of (12) is similar to the "two{dimensional potential" (3). In particular, their expansions in powers of r; u , respectively, have the same structure which makes it possible to develop the perturbation theory simultaneously for the two cases.
3.2 Remarks. (9) is no longer valid, the operatorsH and H contain mixed derivatives; we are not going to consider this case in the present paper.
Existence of bound states
In the three-dimensional case the regularity assumptions look as follows:
(r1) ; 2 L 1 loc (IR) , (r2) ak k 1 < 1 , (r3) the map f : IR B a ! de ned above is injective.
This allows us to pass to the operatorH de ned above; however, if the functions ; are not smooth enough the latter has to be understood in the form sense. As in the previous chapter, we shall also use an additional requirement, namely: (r4) is piecewise C 1 , is piecewise C 2 with ; _ ; and ; _ bounded, Under this assumption, we have right to use the operator (11).
We shall again consider again only tubes whose curvature is in some sense localized, e.g.,
We shall also need a stronger hypothesis which involves suitable decay restrictions on the torsion: (d2) ; _ and ; _ belong to L 2 (IR; jsj ds) , and 2 L 1 (IR; jsj ds) ,
Comparing to the two{dimensional case, however, one can take now various combinations of decay requirements on the curvature and torsion to get the needed fall{o of the e ective potential. It is even possible to consider the curves ? whose torsion does not decay at all assuming (d2') ; _ ; 2 L 1 (IR; jsj ds) ; the price we pay is, of course, a stronger requirement on the decay of . The basic existence result reads as follows. (d1) is su cient for ? D to have at least one bound state of energy below 2 0 .
Thin tubes: number of bound states
Using a minimax estimate of the type (7), one can prove 3.5 Proposition. Assume (r1{4) and (d2) or (d2'), and furtheremore, let Under the assumption, modulus of each term is < 5 2 a ?2 so the higher transversal modes do not yield isolated eigenvalues, and one can proceed as in the two{dimensional case.
Notice that the torsion enters the bound (8) only through the range of a for which this relation is valid. This is connected with the fact that for a thin tube the spectral properties are given primarily by the curvature of ? as we shall see in Chapter 5.
Bound states in mildly curved tubes
Now we want to discuss the case of tubes of any thickness which are only slightly bent. To this end, we need a parametrization which would allow us to compare di erent tubes. Among various possibilities we choose the simplest one; we shall consider families of generating curves ? characterized by the curvature (s) := (s) (13) for a xed function and > 0 . Since the integral of the curvature over an interval s 1 ; s 2 ] is the angle between the tangent vectors to ? at the corresponding points, it is clear that the parameter controls bending of the tube.
We have seen that in the three{dimensional case it is the curvature and not torsion which is responsible for the existence of non{empty discrete spectrum; hence we limit ourselves to families of tubes with a scaled and xed. One should pay attention to the nature of the straightening which corresponds to the limit ! 0 . As an illustration, suppose that has a compact support; then the length of the curved part remains preserved and the curvature radius at each point grows proportionally to ?1 . We have the following general result. (? M D ) , and the potential V is supposed to be measurable and bounded. The last assumption is made with our aim in mind; it is not di cult to extend the argument presented below to potentials with local singularities.
The Dirichlet Laplacian ? M D on L 2 (M) has a purely discrete spectrum consisting of eigenvalues 0 < 2 0 < : : : < 2 N < 2 N+1 < : : : ; the corresponding normalized eigenvectors will be denoted as N j ; N = 0; 1; : : : and j = 1; : : : ; d N . It is known that the lowest eigenvalue is simple, d 0 = 1 , and 0 can be chosen positive ( RS] (0; 0) and the assertion follows by implicit{function theorem; it gives also a prescription how to compute other terms in the expansion (16).
In the general case, more caution is needed. First of all, writing z( ) = a + b 2 + r( ) one nds easily that (16) solves again the equation (19), however, now we know only that the remainder is O( 3 ) . Hence it is sufcient to check that there is at most one solution; this will be true if we prove it for a non{positive V and > 0 . Then V 00 is also non{positive, and excluding the trivial case V = 0 we see that there is a positive C 1 such that jz ?1 j C 1 ?1 for small and any solution z of the equation (19). The operator{valued function z 7 ! P (z) is real{analytic for z > 0 and has a bounded limit as z ! 0+ , hence Cauchy integral formula gives dP (z) dz < C 2 jz ?1 j 18 for some C 2 and small jzj . An explicit calculation shows that e ?zj j jV j 1=2 0 ; " 2j j + dP (z) dz # e ?zj j jV j 1=2 0 ! remains bounded as z ! 0+ since V 00 2 L 2 (IR; jxjdx) by assumption. Then @G @z can be estimated by the sum of two terms; the one containing dP (z) dz can be handled as in the Schr odinger{operator case Si] being therefore C 3 for some C 3 . On the other hand, the operator B z of multiplication by xe ?zjxj ful ls kB z k e ?1 jzj ?1 and the same argument applies; hence there is C 4 > 0 such that @G @z C 4 holds for jz ?1 j C 1 ?1 and all su ciently small . Any two solutions z 1 ; z 2 of (19) Consider rst the two{dimensional case. We use the bounds (7) Since V itself expands in terms of , we may neglect the scaling factors 1 a k k 1 when computing the leading term.
Let us write the right side as I 1 + P 1 N=1 I 2;N + . The rst term is through an easy integration by parts equal to
we have used the fact that _ (s) ! 0 as jsj ! 1 due to (d2). What is important is that the integration by parts cancels the term linear in .
Hence we have to compute P 1 N=1 I 2;N because it contains also contributions of order 2 coming from the second term in (3). We have Putting all the contributions together and using the Parseval identity, ku 1 k 2 = P 1 N=1 ( N ; u 1 ) 2 , we nd that the terms containing k_ k 2 cancel and we arrive at the relation (14). The proof for the three{dimensional case is completely analogous. The transverse eigenfunctions are now numbered conventionall starting from N = 0 , and one has to replace 1 + u by h := 1 + r cos( ? ) , i.e., u_ ; u by h s ; h ss , respectively. If the torsion is non{zero, of course, one cannot in general separate the integrations completely, and the Parseval identity in the last step has to be applied to the function (s; r; ) 7 ! 0 (r; )h s (s; r; ) of L 2 (IR B a ) .
4.3 Remark. Mimicking the argument from the last part of the proof of Theorem 4.2, we check easily that the terms on the right sides of (14), (15) which express the contribution of higher transverse modes are positive. They are small in thin tubes when the exponential kernel is decaying fast. In fact, we have the estimate 
Perturbation theory: thin tubes
Now we are going to return to the situation where the tube axis is any curve which satis es our assumptions about regularity and decay of the curvature, and to study the behaviour of the bound state eigenvalues in the limit a ! 0 .
We shall treat the two{ and three{dimensional cases on the same footing; the corresponding Schr odinger operator is denoted as ?@ s b@ s ? Ba + V acting on L 2 (IR; ds) L 2 (B a ; du) where B a is the ball of radius a in the transverse variable u in IR or IR 2 , respectively, according to the dimension, and du := r dr d in the latter case. The functions b and V are de ned by (2) and (3) for the two{dimensional case and by (11) and (12) Suppose that is such that ess (T 0 ) = IR + and d (T 0 ) 6 = ; , and let be one of the negative eigenvalues of T 0 . Obviously, E 0 := a ?2 E 1 + is then a discrete eigenvalue of H 0 ; we want to show that it gives rise to an eigenvalue of H for a small enough a when the perturbation H ? H 0 is turned on, and to derive the corresponding perturbation expansion. for small a .
The main theorem
In view of the assumptions we know that ess (T 0 ) = IR + , the operator T 0 has at least one discrete eigenvalue and all its discrete eigenvalues are simple (see, e.g., BGS]). Taking further into account that the spectrum of T 0 is bounded from below by ? 1 4 k k 2 1 , we see that the discrete spectrum of H 0 is non{empty and simple for a small enough. Following the standard perturbation{theory procedure, we shall consider a contour ? enclosing a single eigenvalue E 0 = a ?2 E 1 + and show that the perturbation W is uniformly small on ? . To be more speci c, we choose ? so that ??a ?2 E 1 is a circle centered at in the resolvent set of T 0 . Let a 1 be the radius of the circle in which W is analytic; furthermore, we denote by R 0 ; R the resolvents of H 0 ; H , respectively, and byR 0 the reduced resolvent with respect to E 0 . using the transverse mode decomposition of R 0 (z) | see DE S2] . Finally, the same argument applies to the reduced resolventR 0 (E 0 ) giving (c). By the part (b) of the above lemma, the contour ? lies also in the resolvent set of H for a small enough; we may therefore de ne the corresponding spectral projection P and compare it to P 0 , the one of H 0 :
The di erence P ? P 0 is O(a) since WR 0 (z) is O(a) and R 0 (z) is O (1) as a goes to zero. Thus P and P 0 have the same dimension for a small enough which shows that H has inside ? a single eigenvalue E , and that which we shall call the adiabatic operator. Since it contains the weight factor in the kinetic part, it is naturally expected to approximate H more closely than H 0 ; we want to show in conclusion of this chapter that this is indeed the case. The operators T j are, of course, a{dependent but they approach T 0 as a ! 0 . 5.5 Lemma. T j converges to T 0 for each j 1 in the norm resolvent sense when a goes to zero.
Proof. This is obviously true because T j is analytic in a and T j j a=0 = T 0 .
It follows that for small enough a , the operator T 1 has a discrete spectrum below zero, each eigenvalue having multiplicity one; any of these eigenvalues converges to one of T 0 , and conversely, each eigenvalue of T 0 is the limit of an eigenvalue of T 1 as a goes to zero.
5.6 Theorem. Assume (r1{4) where P 1 is the eigenprojection of H 1 associated to E 1 and Q 1 := I ?P 1 . Since P 1W Q 1 = O(a) and (Q 1 (H ?E)Q 1 ) ?1 = O(a 2 ) we arrive at the last assertion of the theorem.
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6 Some open problems
In conclusion, let us mention some directions in which the above mentioned results can be strengthened or extended. The list of problems we present below is by far not exhaustive, other interesting open questions can be found, e.g., in E S4].
As usually in a mathematical theory, one wants to ask whether the used assumptions can be replaced by weaker ones. The regularity requirements in Theorems 2.1 and 3.3 seem to be to be optimal, at least within the \straight-ening" approach, while the su cient conditions in the subsequent corollaries allow various modi cations. It is also desirable to extend the results to tubes with a non{smooth boundary and locally changing cross section, where the existence of the bound states have been demonstrated up to now in several examples only.
Other obvious generalizations are tubes in IR n ; n > 3 , a curved Dirichlet layer in IR n and similar structures. No rigorous result of that type is known to us though some formal calculations have been made dC1, dC2, To] . The rst named case seems to be of a rather mathematical interest while the other provides, in addition, for n = 3 a rough model of a thin semiconductor lm as discussed in the introduction. The problem is, however, more complicated now; the mentioned formal results suggest that the leading term in the e ective potential analogous to (3) and (12) can be zero in a curved part of the layer if the generating surface is locally spherical.
As mentioned in Section 2.3, a thin curved strip supports typically one bound state if the curvature has one well distinguished peak. If there are more clearly separated bends one conjectures that a bound state is associated with each of them and the wavefunctions are localized in the vicinity of the bends. One may attempt to estimate the shift of the eigenvalues comparing to corresponding one{bend tubes in analogy with the tunneling analysis of multiwell Schr odinger operators BCD], CDS, HeSj, Hel] .
An entirely new class of e ects opens when we replace the assumptions about the decay of curvature by a periodicity hypothesis. In this case one expects that a thin tube would have a band{type spectrum but it remains to be proven. Further extensions include quasiperiodically curved tubes, tubes with a random curvature etc. However, the continuous spectrum is important also for the tubes considered here | as a part of the scattering analysis.
The e ective attractive potential responsible for existence of the bound states generates at the same time resonances below the thresholds of the higher transversal modes as can be shown for a two{dimensional curved strip by combination of complex scaling and perturbation techniques DE S1, DE S2] . In these papers also the Fermi{rule contribution to the resonance width was computed and shown to be exponentially small in the limit d ! 0 .
One can conjecture that the same is true for the full resonance width and that this result extends to curved three-dimensional tubes.
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